We prove that any weak solution (u, b) of three-dimensional incompressible Magneto-hydrodynamics equations is regular if
Introduction
We consider the 3-D incompressible Magneto-hydrodynamics (MHD) equations:
(1.1)
Here u, b describe the fluid velocity field and the magnetic field respectively, p is a scalar pressure, ν > 0 is the kinematic viscosity, η > 0 is the magnetic diffusivity. If ν = η = 0, (1.1) is so-called the ideal MHD equations. In the absence of the magnetic field, (1.1) becomes the incompressible NavierStokes equations. We take ν = η = 1 for the simplicity of notation throughout this paper.
The global existence of weak solution and local existence of strong solution to the MHD equations (1.1) were proved by Duvaut and Lions [6] . The same as the incompressible Navier-Stokes equations, the regularity and uniqueness of weak solutions remains a challenging open problem. We refer to [15] for some mathematical questions related to the MHD equations.
It is well known that if the weak solution of the Navier-Stokes equations satisfies the [7] . Wu [18, 19] extended Ladyzhenskaya-Prodi-Serrin type criterions to the MHD equations in terms of both the velocity field u and the magnetic field b, see [12] for the limiting case
some numerical experiments seem to indicate that the velocity field should play a more important role than the magnetic field in the regularity theory of solutions to the MHD equations [13] . Recently, He and Xin [8] and Zhou [22] have presented some regularity criterions to the MHD equations in terms of the velocity field only. Chen, Miao and Zhang [3, 4] 
We say that a function [10] , this result is an improvement of that given by Mahalov, Nicolaenko and Shilkin [12] .
Compared with the case when
, the main difficulty is that the function in VMO −1 (R 3 ) has no decay at infinity, which ensures that the solution is smooth outside a big ball centered at origin so that the backward uniqueness theorem can be applied. Our key observation is
from which we can deduce that the scaled quantity
is small for some r > 0 and |z 0 | 1. Then the regularity of the solution outside a big ball centered at origin follows from the classical small energy regularity theorem.
Preliminaries
Let us first introduce the definitions of weak solution and suitable weak solution.
2 (Ω T ) and the following local energy inequality holds: for a.e.
vanishing in a neighborhood of the parabolic boundary of Ω T .
Remark 2.2.
In general, we don't know whether the weak solution is suitable. However, this is true if
We define a solution (u, b) to be regular at
, and B r (x 0 ) is a ball of radius r centered at x 0 . We also denote Q r by Q r (0)
The following small energy regularity result is well known, see [8, 12] . Similar result was proved by Lin [11] for the Navier-Stokes equations. We also need the small energy regularity result in terms of the velocity proved by the authors [17] . 
with p, q satisfying 1
The following is a weak-strong uniqueness result.
Next we introduce some notations. Let (u, p, b) be a solution of (1.1) and introduce the following scaling: 
and so on.
Some technical lemmas
Throughout this section, we denote by c a constant independent of r, ρ and different from line to line.
Then for any 0 < r < 1/2,
Proof. Due to Lemma 6.5 in [16] , we have 
and for the pressure term,
Similar computations can be found in [14] .
Let r = θρ with θ 1 4 . Then it follows from (3.1)-(3.3) that
for any η > 0. Here we used 
Then we have
where 0 < 4r < ρ and c is a constant independent of ρ, r and σ .
Proof. Without loss of generality, we consider z 0 = (0, 0). Let ζ be a cutoff function, which vanishes outside of Q ρ and is 1 in Q ρ/2 . Set b =b +b, where
Hence,b satisfiesb
where Γ (x, t) is the heat kernel. By Young's inequality, we have 
And using Young's inequality again, we get , β = 1, p = 18 7 and q = 6 so that
and
Then by Sobolev's interpolation inequality from [1] , we get
On the other hand, sinceb satisfies the heat equation, we have
Hence, it follows that
The proof is finished. 2
t) is regular and uniformly bounded.
Proof. Due to C (u, b; r, z 0 ) C 0 , using the local energy inequality, we can get by a standard iterative argument that (see also the proof of Lemma 3.1)
Hence, there exists R 0 > 0 such that Q 1 (z 0 ) |u| 3 dz δ for |x 0 | R 0 , where δ is to be chosen. Applying Lemma 3.2 with r = θ and ρ = 1 to get
This together with (3.4) gives by Sobolev's interpolation inequality that
Choosing r = θγ and ρ = θ in (3.3), by (3.4) we get
Consequently, 
Using re-scaling argument, it is enough to prove that the point (0, 0) is regular. Since (u, b, p) is a suitable weak solution, there is a constant C 0 such that
is not a regular point. Then by Proposition 2.4, there exists R k ↓ 0 such that
, 0). Then it follows from Lemma 3.1 that for any a > 0 with aR k 1/2,
Here c is a constant depending only on C 0 . Since (u k , p k ) is still a suitable weak solution, we infer from the local energy inequality and (4.2)-(4.4) that for any a > 0 and
t (Q a ). This gives by the linear Stokes theory [7] that 
